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ABSTRACT

We describe a three-dimensional, Godunov-type numerical magnetohydrodynamics (MHD) method designed
for studying disk accretion to a rotating magnetized star in the general case where the star’s rotation axis, its
magnetic moment, and the normal to the disk all have different directions. The equations of ideal MHD are
written in a reference frame rotating with the star, with thez-axis aligned with the star’s rotation axis. The
numerical method uses a “cubed sphere” coordinate system that has advantages of Cartesian and spherical
coordinate systems but does not have the singular axis of the spherical system. The grid is formed by a sequence
of concentric spheres of radii , with and . The grid on the surface of thejR ∝ q j p 1, … , N q p constant1 1j R

sphere consists of six sectors, with the grid on each sector topologically equivalent to the equidistant grid on the
face of a cube. The magnetic field is written as a dipole component plus deviations, and only the deviations are
calculated. Simulation results are discussed for the funnel flows to a star with dipole moment at an anglem

to the star’s rotation axis , which is aligned with the normal to the disk. Results are given for differentV p 30� Q
grids ( ) from (coarsest) to (finest). We observe that the qualitative features of the2 2 2N # N 26# 15 50# 29R

accretion flows are very similar for the different grids, but the coarser grid is affected by numerical viscosity.
We compare our three-dimensional results for with the axisymmetric (two-dimensional), spherical co-V p 0
ordinate system simulations of funnel flows of Romanova et al. Two important new three-dimensional features
are found in these simulations: (1) The funnel flow to the stellar surface is mainly in two streams that approach
the star from opposite directions. (2) In thex-z cross section of the flow containing and , the funnel flowm Q
often takes the longer of the two possible paths along magnetic field lines to the surface of the star. A subsequent
paper will give a detailed description of the method and results on three-dimensional funnel flows at different
inclination anglesV.

Subject headings: accretion, accretion disks — magnetic fields — MHD — stars: formation —
stars: magnetic fields — stars: neutron

1. INTRODUCTION

There are many X-ray binary systems consisting of a rotating
neutron star with a dipole magnetic field that accretes matter
from the other star. Commonly, the accreting matter forms a
disk as it approaches the neutron star. The neutron star’s mag-
netic dipole axis is not aligned with its rotation axis in them Q
observed pulsating sources. Furthermore, in general andm Q
are not aligned with the normal to the disk. That is, the dipole
moment is inclined relative to the disk. In some systems, such
as Her X-1, this inclination is evident from the observations
(e.g., Trümper et al. 1986). Models of magnetohydrodynamic
(MHD) disk accretion to a rotating star with an aligned dipole
magnetic field have been discussed by a number of authors
(e.g., Ghosh & Lamb 1979; Camenzind 1990; Ko¨nigl 1991;
Lovelace, Romanova, & Bisnovatyi-Kogan 1995, 1999; Os-
triker & Shu 1995; Li & Wilson 1999; Koldoba et al. 2002).
Analytical investigations of three-dimensional accretion to an
inclined magnetic rotator were done by Arons & Lea (1976a,
1976b), Lipunov (1978a, 1978b), Sharlemann (1978), Aly
(1980), Lai (1999), and Terquem & Papaloizou (2000). How-
ever, the essential aspects of this problem are three-dimensional
and are not amenable to an analytic approach.

In this Letter we describe a method developed specifically
for studying MHD accretion to nonaligned magnetic rotators.
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The method is based on the “cubed sphere” coordinate system
proposed by Sadourny (1972) and discussed by Ronchi, Iacono,
& Paolucci (1996). We solve the equations of ideal MHD in
a reference frame rotating with the star using cubed sphere
coordinates and a Godunov-type method. In contrast with Ron-
chi et al. (1996), our simulations are in three dimensions rather
than on the surface of the sphere, and furthermore we solve
the equations of MHD.

An important question is what grid resolutions are necessary
for obtaining valid results for the problem of MHD disk accretion
to a rotating star with magnetic moment misaligned with the
star’s rotation axis? Because three-dimensional MHD simula-
tions are very time consuming, it is important to find an optimal
grid resolution. Here we discuss results from simulations for the
case where the star’s magnetic moment is inclined at an angle

to the star’s rotation axis, which is aligned with theV p 30�
normal to the disk. In § 2 we describe our simulation methods.
In § 3 wesummarize results of our three-dimensional simulations
of funnel flows to a rotating misaligned dipole and compare
three-dimensional simulation results for an aligned dipole with
our earlier axisymmetric simulation results (Romanova et al.
2002). Conclusions of this work are given in § 4.

2. SIMULATION METHOD

We consider a rotating magnetized star surrounded by an ac-
cretion disk and its corona. This problem is difficult to treat
numerically because the magnetic field varies strongly with dis-
tance from the star (∼ ), and it is rapidly varying in the31/R
laboratory inertial reference frame. To minimize errors in cal-
culating the magnetic force, the magnetic fieldB is decomposed
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Fig. 1.—Cubed sphere grid, which consists of six sectors. The�x sector
is omitted in order to show the inner structure of the grid. Grid is inhomo-
geneous in theR-direction in such a way that the cells are roughly cubical
independent ofR.

into the “main” dipole component of the star,B0, and the com-
ponent,B1, induced by currents in the disk and in the corona.
Because , the magnetic force is� � B p 0 (J � B)/c p0

, which does not involve the terms(� � B ) � (B � B )/4p1 0 1

(Tanaka 1994; Powell et al. 1999).2O (B )0

Another difficulty in this problem is that the dipole moment
changes with time. It rotates with angular velocity so thatQ
the “main” field B0 also changes with time. Consequently, in
the induction equation there is a large term involvingB0. To
overcome this difficulty we use a coordinate system rotating
with angular velocity , in which the magnetic moment of theQ
star and the “main” fieldB0 do not depend on time.m

2.1. MHD Equations in the Rotating Frame

Let be the angular velocity of rotation of the star. In theQ
laboratory (inertial) reference frame, the MHD equations are

, rDu/Dt p /4p � rg,Dr/Dt � r� · u p 0 ��p � (� � B) � B
, and Here is theDS/Dt p 0 DB/Dt p (B · �)u � B(� · u). u

bulk velocity of the plasma,S the specific entropy,B the magnetic
field, and the convective derivative in theD/Dt p �/�t � u · �
inertial frame.

The relations between the variables in the inertial frame and
the reference frame rotating at rate for a given fluid particleQ
are , , where is velocity of plasma inu p v � Q � R B p B v
the rotating frame. The convective derivatives of scalar variables
f do not change: , where isDf/Dt p df/dt d/dt p �/�t � (v · �)
the convective derivative in the rotating frame. However, con-
vective derivatives of vector variables transform as follows:

.DF/Dt p dF/dt � Q � F
Because , the continuity equation isdr/dt �� · (Q � R) p 0

In the Euler equation in the rotating frame, therer� · v p 0.
are two inertial terms added to the right-hand side, the Coriolis
force and the centrifugal force,rdv/dt p �∇p � (� � B) �

In the induction equa-B/4p � rg � 2rv � Q � rQ � (Q � R).
tion, (B · �)u p (B · �)v � (B · �)(Q � R) p (B · �)v � Q �

. Therefore, in the rotating reference frame the induction equa-B
tion has the same form,dB/dt p (B · �)v � B(� · v).

Putting the equations in Eulerian form in the rotating frame,
one finds that the new terms are the Coriolis and centrifugal
forces in the Euler equation. The full set of equations is
�r/�t � � · (rv) p 0, �(rv)/�t � � · T p rg � 2rv � Q �

andrQ � (Q � R), �(rS)/�t � � · (rSv) p 0, �B/�t p � �
whereT is the stress tensor with components(v � B), T {ik

. We do not include shocks2pd � rv v � (B d /2 � B B )/4pik ik i ki k

in the present work as implied by the entropy conservation
equation.

2.2. The Grid

As shown in Figure 1, the three-dimensional grid consists
of a set of concentric spheres of radii , with .R j p 1, … , Nj R

The distribution of is chosen to be inhomogeneous withRj

, where and is the radius of thej�1R p R q q p constant Rj ∗ ∗
numerical star. This choice implies . The gridDR /R p q � 1j j

on the surface of the sphere consists of six sectors, with the
grid on each sector topologically equivalent to the equidistant
grid on the face of a cube. In each sector, the grid ofN # N
cells is formed by the arcs of great circles separated by equal
angles. For example, the�x sector is formed by the arcs of
great circles going through they- and z-axes.

This three-dimensional grid gives high spatial resolution close
to the star, which is important to our study of accretion to a
rotating star with dipole magnetic field. BecauseDR /R pj j

, the shape of the volume elements is approximatelyconstant
cubical independent ofR.

The present study uses the scalings introduced by Romanova
et al. (2002), where the initial inner radius of the disk and the
beginning of the funnel flow (in the aligned, axisymmetric case)
are at a radial distance . Distances are measured in units ofR0

, velocities in units of , and time in units of1/2R v { (GM/R )0 00

. With the magnetic field at the surface of theP { 2pR /v B0 0 00

star, we can define a reference density as and a22r { B /v0 0 0

reference value for the magnetic moment as . In3m { B r0 0 0

this study, the dimensionless radius of the numerical star is
, and the outer radius of the simulation volumeR /R p 0.35min 0

is . We present results for two cubed sphere grids,R /R ≈ 4.8max 0

one with cells in each of the six sectors2 2N # N p 50# 29R

(a total of≈ cells) and the other with cells5 22.5# 10 26# 15
per sector (a total of≈ cells). For the first case43.5# 10

, while for the lower resolution case .q p 1.055 q p 1.11

2.3. Boundary Conditions

At the inner boundary (the “numerical star”), weR p Rmin

assume “free” boundary conditions for all variables.�/�R p 0
This boundary condition corresponds to absorption of incoming
matter so that there is no standoff shock. This boundary is
treated as a rotating perfect conductor . The flow ve-ˆQ p Qz
locity was corrected in such a way that in the reference framev
rotating with the star it is parallel toB at , that is,R p Rmin

at . The boundary condition at on theB � v p 0 R Rmin min

magnetic field has . At the outer boundary�(RB )/�R p 0f

, free boundary conditions are taken for all variables.R p Rmax

2.4. Initial Conditions

A star of massM is located at the origin of the coordinate
system. The initial magnetic field is the tilted dipole field of
the star, , where is tilted by an5 3B p 3(m · R)R/R � m/R m0

angleV from the z-axis (which isk ). As initial conditions,Q
we set up a low-temperature ( ), high-density ( ) disk withT rd d



No. 1, 2002 KOLDOBA ET AL. L55

Fig. 2.—Results of three-dimensional MHD simulations of disk accretion to
a rotating star with magnetic moment tilted to the rotation axis .m V p 30� Q
Two grids are shown, (left-hand panels) and2 2 2N # N p 50# 29 26# 15R

(right-hand panels) after , where is the period of rotation of thet p 1.5P P0 0

disk at . Shading or color represents the density, while the lines are magneticR0

field lines. Thex-z cross section is the plane containing and . The (x, y)-Q m
plane is the midplane of the disk at large distances from the star. Note thatNR

is the number of grid cells in the radial direction, while is the numberN # N
of cells on the surfaces of each of the six sectors of the cubed sphere.

Fig. 3.—Three-dimensional view of the funnel flow to a rotating star with
parallel to thez-axis and with the dipole moment tilted awayQ m V p 30�

from the z-axis in the (x, z)-plane. The grid was , and2 2N # N p 50# 29R

the flow is shown at , where is the period of rotation of the diskt p 2.5P P0 0

at . Thick arrow represents the star’s magnetic moment. Red lines representR0

magnetic field lines. Yellow spiral line is a streamline. Nested blue and yellow
lines are isodensity lines in the (x, z)-plane. Central sphere represents the star,
which has a radius . The funnel flow close to the star is seen toR p 0.35R∗ 0

be in two streams that approach the star from opposite directions. Density of
the green surface shown is , where is defined in § 2.2.0.35r r0 0

a high-temperature ( ), low-density ( ) corona fill-T k T r K rc d c d

ing the remainder of the simulation region. The disk rotates
with the same axis as the rotation of the star with angular
velocity close to the Keplerian value . The disk extendsq ≈ QK

inward to a radius as discussed by Romanova et al. (2002)R0

for the case of an aligned rotator. At this distance, the ram
pressure of the disk matter is on the order of the magnetic
pressure of the dipole, . Initially, at any cy-2 2p � rv p B /8p
lindrical radiusr from the rotation axis, we rotate the corona
and the disk at the same angular rate. This avoids a jump
discontinuity of the angular velocity of the plasma at the bound-
ary between the disk and the corona. Of course this distribution
of q in the corona leads to twisting of the dipole magnetic field
lines. However, the twisting is smoothly distributed along the
magnetic field lines, and it does not lead to fast evolution of
the disk-corona system.

2.5. Godunov-type Finite-difference Scheme

All variables are evaluated at the centers of the cells. All
vector variables are expressed in terms of their Cartesian com-
ponents. Finite-difference equations are written for Cartesian

components of vector variables. The finite-difference scheme
of Godunov’s type has the form

p�1 pU � U
V � s F p Q. (1)� m m

Dt mp1, …, 6

Here is the “vector” of densities of con-U p { r, rv, B, rS}
served variables, is the “vector” of flux densities normal toFm

the face “m” of the cell, is the area of the facem, V is thesm

volume of the cell,Q is the intensity of sources in the cell,
and is the time step.Dt

To calculate the flux densities , an approximate RiemannFm

solver is used, namely, an eight-wave Roe-type approximate
Riemann solver analogous to one described by Powell et al.
(1999). The -values are represented asF

1 1′ ′′F p (F � F ) � nFl FA R . (2)�m a a a a2 2 a

Here and are flux densities normal to the facem of the′ ′′F F
cell coming from neighboring cells and are numerical co-na

efficients that regulate the accuracy of the method. These are
calculated using values of variables in the cells that are sep-
arated by this face; represents the velocities of the wavesla

in the direction of the normal to the face, the wave ampli-Aa

tudes, and the right-hand eigenvectors for the eight typesR a

of waves, ,B, �A, �F, �S) (see, e.g., Brio & Wua p (E
1984; Powell et al. 1999).

As a test of our three-dimensional code, spherical Bondi
accretion (Bondi 1952) was simulated for the case of a magnetic
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monopole field, , with a grid of in each2 2B ∝ 1/R 50# 11
sector. The simulations show good agreement with the radial
dependence of the Bondi solution and with the predicted ac-
cretion rate.

3. SIMULATIONS OF FUNNEL FLOWS

Here we discuss simulation results for the case where the
star’s magnetic moment is inclined at an angle to theV p 30�
rotation axis , which is parallel to the normal of the disk. TheQ
magnetic moment of the star and the density of the disk are
such that the ram pressure of the disk is approximately equal
to the magnetic pressure of the dipole at the inner radius of
the disk at . Thus, the funnel flow is expected to startR t p 00

from about this radius, as observed in our axisymmetric sim-
ulations (Romanova et al. 2002). We rotate the star with angular
velocity , where . The corotation3 1/2Q p g(GM/R ) g p 0.19∗ 0

radius of the star is the distance where the centrifugal forcercor

equals the gravitational force ; that is,2 2Q r GM/r r p∗ cor

. It follows that .2 1/3 2/3(GM/Q ) r p R /g ≈ 3R∗ cor 0 0

Some information about the three-dimensional MHD flow can
be obtained from the three orthogonal slices, an (x, z) slice at

, a (y, z) slice at , and an (x, y) slice at . Fig-y p 0 x p 0 z p 0
ure 2 shows these cross sections for different grids. The most
refined grid used in the present simulations has 2N # N pR

cells in each of the six sectors of the cubed sphere.250# 29
The coarsest grid has cells in each sector. Linking with226# 15
a spherical coordinate system , we have the correspon-(R, v, f)
dence for the number of cells, . We2N # N # N p 6N # NR v f R

observed that the slices of the accretion flows are closely similar
for the different grids. Namely, with decreasing distance, the
disk ends and matter starts to flow out of the plane of the disk
into the funnel flow at radii in thex-direction and atR ≈ 2R0

in they-direction. In the (x, z) slice (which is the planeR ≈ 1.7R0

containing and ), the funnel flow takes the longer of the twom Q
paths along the magnetic field. This we find to be a distinctive
effect of the three-dimensional accretion flow to a misaligned
dipole. Figure 3 shows a three-dimensional view of the funnel
flow. Close to the star, the flow is in two streams that approach
the star from opposite sides.

As a test of our code, we did three-dimensional simulations
of accretion to an aligned rotator ( ) and analogous two-m k Q
dimensional axisymmetric simulations in spherical coordinates
with the number of cells in the meridional planeN # N pR v

. Results of the two- and three-dimensional simulations50# 29
show qualitatively similar funnel flows at the same elapsed times.

4. CONCLUSIONS

We developed a new three-dimensional MHD simulation
code for studying the accretion flows to rotating stars with
misaligned dipole magnetic fields. New three-dimensional fea-
tures are found in the simulations of disk accretion to a rotating
star with dipole moment inclined by an angleV to the star’sm
rotation axis. Specifically, in thex-z cross section of the flow
containing and , the funnel flow takes the longer of the twom Q
possible paths along magnetic field lines to the surface of the
star. Furthermore, the funnel flow to the stellar surface is mainly
in two streams that approach the star from opposite directions.
A subsequent paper will give a detailed analysis of the funnel
flows at different inclination anglesV.
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